We make an extensive rigorous study on convergent behaviour of Morse-Feshbach nonlinear perturbation series (MFNPS) to find out energy levels of the anharmonic oscillator (AHO) in both weak and strong coupling limit. We develop a new method of multi step optimal splitting in order to get convergency in MFNPS for ground state of AHO and found that two step optimal splitting is sufficient to provide convergency in MFNPS. Unlike the ground state the optimal splitting parameters for excited states is modified according to their dependency on state in order to achieve convergency in MFNPS.
Introduction
In quantum mechanics, there are only few problems whose Hamiltonians can be solved exactly. However for any arbitrary Hamiltonian one has to use some sort of approximations [1] . Perturbation theory is one of the few principal methods of approximation for solution to eigenvalue problems in quantum mechanics [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] . In perturbation theory one needs to solve the Hamiltonian of the type H = H 0 + λH 1 (1) where H 0 is the unperturbed Hamiltonian, which can be solved exactly and λH 1 is the perturbation term. If E corresponds to energy of the total Hamiltonian H and E 0 n corresponds to unperturbed Hamiltonian H 0 , then one can obtain E in two different ways as
Let us analyse the above two relations. From the relation in Eq (2) it is evident that R.H.S is a function of known energy E 0 n and coupling constant. This method of calculation is known as constant function perturbation theory as seen from the literature [1] [2] [3] [4] [5] [6] [7] [8] . Now analyse the the relation in Eq (3) . In this case both L.H.S and R.H.S are the function of unknown energy E. This type of perturbation series is known as nonlinear series. The most simplest nonlinear perturbation series is the Morse-Feshbach nonlinear perturbation series (MFNPS) [9] [10] . Further it is seen that almost all attemption of perturbation theory reflect Eq (2) with AHO as an example. So far there is very few work on nonlinear series reflecting Eq (3). Because of highly nonlinear in nature MFNPS is extremely difficult to solve analytically and needs high computational skill to solve it numerically in order to get higher order convergency. Even the most simplest form of nonlinear series is the MFNPS is in literature for more than fifty years in literature, only it has been applied only to the ground state of AHO [10] . The basic aim of this paper is to study the applicability of this series by calculating excited state energy considering AHO as an example. In a more explicit version of the aim is to address the followings:
• whether the convergency on ground state energy obtained previously [10] can be improved by introducing multi step optimal splitting parameter?
• whether the previous method applied for ground state will remain valid for the excited state energy calculation?
• whether for excited state energy calculation one has to make some modification?
To arrive at a suitable conclusion to above questions we have to make a systematic study in the following sections.
Morse-Feshbach nonlinear perturbation series (MFNPS)
In this section we write the MFNPS in a simplified language . Let us solve the unperturbed Hamiltonian
where |n is the unperturbed eigenfunction corresponding to energy eigenvalue E
n . According to MFNPS the energy E for the perturbed Hamiltonian H is given as
Here K is the order of perturbation in MFNPS.
3 Higher order calculation on convergence test for groundstate using two step optimal splitting
In this section we test the convergence of the ground state energy of the AHO, whose Hamiltonian is given as
using two step optimal splitting in higher order calculation. The coordinates x and momentum p satisfy the relation
Now we rewrite the Hamiltonian in Eq (6) as
where
and
Further we rewrite the Eq (8) as
Now we rewrite the Hamiltonian as
where H D is the diagonal term and considered as unperturbed Hamiltonian. Similarly H N is the non-diagonal term and considered as perturbation term. The explicit expression for H D in terms of creation operator a † and annihilation operator a is
Similarly the expression for H N in terms of creation operator a † and annihilation operator a is
The non zero expectation values of the diagonal Hamiltonian H D are given as
The non zero expectation values of the non-diagonal Hamiltonian H N are given as Table 2 : Convergent value for ground state energy E 0 of an AHO with λ = 1 in MFNPS using multi step optimal splitting parameters.
In this section we introduce a multi step optimal splitting approach on parameter calculation with a aim to improve the convergency. Following the previous procedure, we write the expression for H D as
Similarly the expression for H N as
where k is the order of multi step optimal splitting. The optimal splitting parameters W k are given by
with
The non zero expectation values of diagonal Hamiltonian H D are given as
The non zero expectation values of non diagonal Hamiltonian H N are given as
Here considering different values of k, we calculate the groundstate energy for λ = 1 and the results are given in Table 2 . We notice that two step optimal splitting is sufficient to provide convergency in MFNPS for ground state of AHO.
Two step optimal splitting approach is also applied to the ground state of AHO for higher coupling parameter λ. Last three higher order convergent results for different coupling parameter λ is given in Table 3 Convergent value Table 3 : Convergent value for ground state E 0 of an AHO with different values of coupling parameter λ in MFNPS using two-step optimal splitting. parameters.
Convergent value
5 State-independent parameter calculation on excited state using two step optimal splitting
In this section we apply previously calculated optimal splitting parameters for ground state of AHO to the exited state of AHO. The results are given in Table 4 . We observe that for n ≥ 5 the MFNPS is not giving any convergent value and also for n ≤ 5 the number of convergent digits decreases as the increase of state value n. Again the convergent results are not comparable for higher excited states with the results calculated previously by several authors [2] [3] [4] . This is expected as the excited state energy depends on the state value n. So the optimal splitting parameters has to be modified according to their state dependency. Table 4 : Convergent value for excited state energy E n of an AHO using 15 order of terms of the MFNPS For ground state n = 0 the above equation reduces to the state independent equation as discussed in Eq 10. Now with this variational parameter the non zero expectation value of diagonal Hamiltonian H D is given as
The non zero expectation value of non diagonal Hamiltonian H N is given as
We calculate the excited state energies of an AHO up to 14 order and 15 order terms in MFNPS using single step variational parameter and the results are given in Table 5 and Table 6 respectively. Camparing results from Table 5 and Table 6 , we achieve a convergency up to a minimum of 7 digit. Table 5 : Energy levels E n of the AHO using K = 14 order of terms in MFNPS using single step variational parameters.
E n for
7 State-dependent parameter calculation on excited state using two step parameter
In this section we introduce state dependent parameter using two step optimal splitting procedure for the convergency test on excited states. The two optimal splitting parameters W and w are calculated from the cubic equation given by
The non zero expectation value diagonal Hamiltonian H D is given as
n|H N |n + 2 = (n + 1)(n + 2)
The non zero expectation value non diagonal Hamiltonian H N is given as Table 6 : Energy levels E n of the AHO using K = 15 order of terms in MFNPS using single step variational parameters.
The exicited energy levels calculated up to 14 and 15 order of terms in MFNPS using two step optimal splitting variational parameters and the resutls are given in Table 7 and Table 8 8 Conclusion
In this paper we have taken a very fruitful approach to get convergency in MFNPS in order to get energy levels of an AHO. The problem of energy levels of AHO has been analysed from wide angles to achieve convergency in MFNPS. MFNPS seems to be one of most simplest non linear series to be used for energy levels of AHO. Optimal splitting method is found to be very efficient technique to achieve convergency in MFNPS. Table 7 : Energy levels E n of the AHO using K = 14 order of terms in the MFNPS perturbation series using two step optimal splitting variational parameters. Table 8 : Energy levels E n of the AHO using K = 15 order of terms in the MFNPS perturbation series using two step optimal splitting variational parameters. 
